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We show that Rabi oscillations of a degenerate fermionic or bosonic gas trapped in a double-well
potential can be exploited for the interferometric measurement of external forces at micrometer
length scales. The Rabi interferometer is less sensitive, but easier to implement, than the Mach-
Zehnder since it does not require dynamical beam-splitting/recombination processes. As an ap-
plication we propose a measurement of the Casimir-Polder force acting between the atoms and a
dielectric surface. We find that even if the interferometer is fed with a coherent state of relatively
small number of atoms, and in the presence of realistic experimental noise, the force can be mea-
sured with a sensitivity sufficient to discriminate between thermal and zero-temperature regimes of
the Casimir-Polder potential. Higher sensitivities can be reached with spin squeezed states.
PACS numbers: 03.75.Dg
Introduction. Interferometers with trapped ultra-cold
atoms are valuable tools for the precise measurement of
external forces [1]. A promising one is the double-well
Mach-Zehnder interferometer (MZI) [2, 3, 4, 5, 6, 7, 8].
This requires two 50/50 beam splitters implemented
by a dynamical manipulation of the inter-well barrier.
The phase shift is accumulated during the interaction of
atoms with an external potential in the absence of the
inter-well coupling. It is interesting to search for alterna-
tive interferometric schemes which can be easier to realize
and therefore can be more stable than the MZI. In this
Letter we propose a new protocol to create a Rabi inter-
ferometer. It can be implemented using either degenerate
spin-polarized Fermions or non-interacting Bose-Einstein
condensates (BECs) trapped in a double-well potential.
The gas tunnels between the two wells while acquiring,
at the same time, a phase shift. The relative number
of particles among the two wells undergoes Rabi oscilla-
tions analogous to those experienced by a collection of
two-level atoms in a radio frequency field [9]. The mea-
surement of population imbalance as a function of time
allows to infer the value of the external force as it affects
both the amplitude and frequency of Rabi oscillations.
The Rabi interferometer is less sensitive than the MZI,
but does not require any splitting/recombination pro-
cesses and is suitable for the estimation of forces rapidly
decaying with distance. In particular, once fed with a
fermionic/bosonic spin coherent state, the interferome-
ter allows for the accurate measurement of the Casimir-
Polder force between the atomic sample and a surface.
We show that even in the presence of typical experimen-
tal noise it is possible to distinguish between thermal and
zero-temperature regimes of the Casimir-Polder poten-
tial [10], which has not yet been achieved in experiment
[11, 12, 13, 14, 15]. Moreover, we demonstrate that the
Rabi interferometer can further benefit from the use of
entangled states as input. In analogy to the MZI, a sub
shot-noise phase sensitivity can be obtained with spin
squeezed states recently created with a BEC [16].
The Rabi interferometer. Let us consider a degener-
ate gas of non-interacting atoms confined in a double-
well potential along the x1 direction, and in a har-
monic trap along x2 and x3. A field operator formal-
ism allows for studying interferometry with both bosons
and fermions. We introduce the field operator Ψˆ(~r) =∑
~k ψk1(x1)ψk2(x2)ψk3(x3) cˆ~k, where ψki(xi) are single-
particle energy eigenfunctions along the i-th direction
and the sum is over the complete set of quantum numbers
~k ≡ (k1, k2, k3). The annihilation (creation) operators cˆ~k
(cˆ†~k) satisfy commutation or anticommutation relations,
depending on the statistics. In two-mode approximation
(taking into account only lowest k1 = 0 and the first
excited k1 = 1 states) we introduce the wave functions
ψa/b(x1) = (ψ0(x1) ± ψ1(x1))/
√
2 and mode operators
aˆ~k⊥ = (cˆ0,~k⊥ + cˆ1,~k⊥)/
√
2 and bˆ~k⊥ = (cˆ0,~k⊥ − cˆ1,~k⊥)/
√
2,
where ~k⊥ ≡ (k2, k3). The dynamics of the system is thus
governed by the Hamiltonian
Hˆ = −EJ Jˆx + δJˆz , (1)
where EJ is the tunneling energy, δ is the relative energy
shift due to interaction with a position-dependent exter-
nal potential V (x1) [17]. The operators Jˆx, Jˆy and Jˆz [18]
form a closed algebra of angular momentum. The goal of
the Rabi interferometer is to estimate δ with the highest
possible sensitivity. We consider the measurement of the
population imbalance between the two modes, which can
be expressed in terms of the eigenvalues of the operator
Jˆz. Using the evolution operator generated by (1),
Uˆ(t) = e−iαJˆyeiΩJˆxeiαJˆy , (2)
we obtain Jˆz(t, δ) = u(t, δ)Jˆx+v(t, δ)Jˆy+w(t, δ)Jˆz , with
u(t, δ) = sinα cosα(cosΩ − 1), v(t, δ) = − cosα sinΩ
and w(t, δ) = (cos2 α cosΩ + sin2 α). Here, Ω = ωt,
cosα = EJ/~ω, sinα = δ/~ω and ω =
√
E2J + δ
2/~ is
the detuned Rabi frequency.
The estimation protocol consists of measuring the pop-
ulation imbalance at k times t1, t2, ..., tk, with m rep-
etitions at each time. The value of δ is estimated by
2δest resulting from a least squares fit of a theoretical
curve 〈Jˆz(t, δest)〉 to the set {n} = (n1, . . . , nk) of ac-
quired points. In order to determine the error on δest,
we notice that if m ≫ 1, according to the central limit
theorem, the conditional probability for measuring a
value ni of the population imbalance at time ti tends to
p(ni|δ) = 1√2π∆Jˆz(ti,δ)/√m exp
[ − (ni−〈Jˆz(ti,δ)〉)2
2∆2Jˆz(ti,δ)/m
]
, where
∆2Jˆz(ti, δ) = 〈Jˆz(ti, δ)2〉 − 〈Jˆz(ti, δ)〉2. The average val-
ues are calculated on the input state |ψinp〉. Since mea-
surements at different times are independent, the joint
conditional probability of detecting {n} reads p({n}|δ) =∏k
i=1 p(ni|δ). It is then possible to demonstrate that
δest corresponds to δML, called the maximum likelihood
(ML), which maximizes the probability p({n}|δ) [19]. Fi-
nally, the error on δML, and thus on δest, is given by the
inverse of the Fisher information, ∆2δML = F−1 [20] and
reads ∆2δML =
(∑k
i=1
1
∆2δ(ti)
)−1
, where
∆2δ(t) =
∆2Jˆz(t, δ)
m
[
∂
∂δ 〈Jˆz(t, δ)〉
]2 . (3)
Let us now consider a coherent spin state (CSS) [21] as
input of the Rabi interferometer. This state corresponds
to a Poissonian distribution of particles among the two
wells. For fermions, it is given by |CSS〉F =
∏
~k⊥
cˆ†
0,~k⊥
|0〉,
where |0〉 is the vacuum and the product runs over the
first N excited states along the (x2, x3) directions, while
for bosons |CSS〉B = N !−1/2(cˆ†0,~k⊥=0)
N |0〉. When the in-
terferometer is fed with the CSS, the relative population
oscillates as
〈Jˆz(t, δ)〉 = N
2
tanα
(
cosΩ− 1), (4)
and the sensitivity
∆δ(t)
δ
=
1√
m
√
N tanα
∣∣∣∣ cosΩ− 1−
sin2 α
cosα
Ω sinΩ
∣∣∣∣
−1
,(5)
scales at the shot noise limit, ∆δ(t)δ ∼ 1/
√
N . The sen-
sitivity of the Rabi interferometer fed by a CSS scales
as t−1 only when sin
2 α
cosα Ω ≥ 1. Using realistic values for
δ and EJ (see following section), the above condition is
satisfied for t & 3 s. This implies, that when the mea-
surements are done within first few Rabi periods, the
sensitivity does not benefit from the scaling with time.
This is in contrast to the MZI, where ∆δ ∝ t−1 even for
short times.
Estimation of the Casimir-Polder force. Since in the
presented scheme the information about δ is acquired by
the continuous tunneling of atoms between the wells, the
interferometer is suited for measuring forces which decay
on a scale of typical inter-well distances of few microns.
As an example, we analyze here the measurement of the
Casimir-Polder force. We consider an experimentally re-
alistic setup, consisting of a BEC of N = 2500 87Rb
atoms trapped in a double-well potential, with its min-
ima separated by l = 4.8 µm and the tunneling energy
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FIG. 1: (color online): The detuning δ
~
calculated with
VCP(x1; d) (black dashed line) and the corresponding sensi-
tivity (error bars) of a fit to k = 10 points in time and m = 10
measurements at each time point. The uncertainty includes
the effect of atom-atom interactions and limited resolution of
the measurement of population imbalance (see text for de-
tails). The input state is the classical spin coherent state.
Also, a detuning calculated with V thCP(x1; d) for T = 300 K
(solid blue line) and T = 600 K (dotted red line) is plotted.
equal to EJ/~ = 52.3 s
−1. When a sapphire plate is
placed at a distance d from one of the wells, a Casimir-
Polder force acts on the atoms. The exact form of the
potential, given by Eq.(26) of [10], depends on the di-
electric properties of the atoms and the plate, as well as
on the temperature T of the latter. If the thermal wave-
length λth =
~c
kBT
of the photons emitted from the plate is
much larger than d (as it is for d ≃ 5 µm when T ≤ 100
K), the Casimir-Polder potential is well approximated
by VCP(x1; d) = − 0.24 ~ c α0(x1+l/2+d)4
ε0−1
ε0+1
. Here, ε0 = 9.4 is
the static value of the dielectric function of the sapphire,
c ≃ 3× 108 ms is the speed of light and α0 = 47.3× 10−30
m3 is the static value of 87Rb atomic polarizability. The
potential shifts the energy minima by δ, calculated as in
[17] using V (x1) = VCP(x1; d). If the plate is positioned
at d = 4 µm, then δ/~ = 4.4 s−1 and δEJ = 0.084. The
period of Rabi oscillations is given by the detuned Rabi
frequency and equals 120 ms.
If the temperature of the plate is high, so that the con-
dition λth ≫ d is no more satisfied, the Casimir-Polder
interactions are described by a temperature-dependent
potential V thCP(x1; d) = − kBT α04 (x1+l/2+d)3 ε0−1ε0+1 . For T ≥ 300
K, at distance d of few microns, the thermal potential
V thCP(x1; d) vastly dominates over the low-temperature
one, VCP(x1; d).
In Fig.1, we plot the values of δ/~, as a function of dis-
tance d, calculated with either VCP(x1; d) (dahsed black
line) or V thCP(x1; d) for T = 300 K (solid blue line) and
T = 600 K (dotted red line). The error bars around
the dashed line give the uncertainty ∆δML/~ of the Rabi
interferometer fed by a CSS for a fit to k = 10 points
3ti =
2πi
ωk in first Rabi period with m = 10 measurements
at each time. In the calculation of the sensitivity, we alse
include realistic experimental noise originating from two
sources discussed below.
Sources of noise. Spin-polarized fermions are optimal
candidates for the implementation of the above interfer-
ometric scheme since the s-wave particle-particle interac-
tion is naturally suppressed by the Pauli exclusion prin-
ciple. In the case of BEC, the atomic interactions can
be reduced using the Feshbach resonance method. This
technique does not allow for tuning the two body in-
teractions precisely to zero. Some residual interactions
always persist and can spoil the sensitivity of the esti-
mation. This can be taken into account by an additional
term EC Jˆ
2
z in Hamiltonian (1). If the amplitude of the
interactions is small, γ ≡ N ECEJ ≪ 1, one can calculate
the correction to the evolution operator (2) in first order
Dyson expansion with respect to small parameter γ. Us-
ing realistic value γ = 0.1 [22], the contribution to the
error bars in Fig.1 is negligible.
An important source of noise in the Rabi interferom-
eter is given by the limited resolution of population im-
balance measurement. This can be taken into account
by substituting the ideal probability p({n}|δ) with the
convolution pres({n}|δ) =
∑
n′ P(n, n′)p({n′}|δ), where
P(n, n′) gives the probability to measure the population
imbalance n′, given the true value n. As an example,
we take P(n, n′) = 1√
2πσres
exp
[− (n−n′)22σ2
res
]
, with a con-
servative value σres = 40 (the population imbalance is
measured with a resolution of ±40 particles). Then, the
ratio ∆δMLδ for the spin coherent state with 2500 atoms
increases by a factor of two and this value of σres is used
to present the sensitivity in Fig.1. Even in presence of
this noise, the sensitivity is sufficient to precisely distin-
guish between thermal and zero-temperature regimes of
the Casimir-Polder force. This is the main result of this
Letter.
Interferometer with squeezed input states. So far, we
have discussed the sensitivity of the Rabi interferome-
ter fed with a coherent input state. Below we show
that higher sensitivity can be reached when using spin
squeezed states. Such states can be created by adiabat-
ically splitting an interacting BEC trapped in a double
well potential, as recently experimentally demonstrated
in [16].
When N is large, and if the input states |ψinp〉 =∑N
n=0 cn|n,N − n〉 are symmetrical, i.e. cn = cN−n,
one can approximate cn’s with Gaussians, cn ∝
e−(n−
N
2
)2/(4σ2). Direct calculation gives 〈Jˆx〉 ≃ N2 e−
1
8σ2 ,
〈Jˆ2x,y〉 ≃ N
2
8 (1± e−
1
2σ2 ) and 〈Jˆ2z 〉 ≃ σ2. According to the
definition of spin squeezing [23], ξ2 = N
〈Jˆ2z 〉
〈Jˆx〉2 ≈ 4
σ2
N e
1
4σ2 ,
states with σ <
√
N
2 are called squeezed states and the
values of ξ2 range from 1 for a CSS, to 0 for a Fock state.
In Fig.2(a) we plot the sensitivity from Eq.(3) for a
single measurement (m = 1) in units of δ for three
values of squeezing, as a function of time in the first
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FIG. 2: (color online): (a) The relative uncertainty ∆δ
δ
as a
function of Ω for m = 1. Solid black, dashed red and dot-
ted blue lines correspond to ξ2 =1.0, 0.5, 0.017, respectively.
For Ω ≃ pi, the sensitivities reach optimal point. (b) The
relative uncertainty ∆δML
δ
as a function ξ2. The solid black
line corresponds to 100 measurements at optimal point. The
dashed red line is a result of a fit to k =10 different points
with m =10 repetitions at each point. Here, N = 2500 and
δ
EJ
= 0.084.
Rabi period. We use realistic parameters N = 2500 and
δ
EJ
= 0.084 from previous section. Squeezing of the input
state clearly improves the precision.
We also observe that the interferometer has an opti-
mal working time equal to πω . This suggests the following
strategy for estimation of δ. Instead of fitting a curve to
a set of equally distributed points in time, one should
focus the experimental effort around the working point.
In Fig.2(b) we compare the sensitivities ∆δMLδ as a func-
tion of squeezing parameter ξ2 for these two estimation
strategies. The solid black line is obtained using the op-
timal strategy while the dashed red line results from a
fit to k = 10 points equally spaced in first Rabi period.
Even though the optimal time strategy proves better, the
difference is smaller than one order of magnitude. No-
tice that for both protocols precision of the estimation
strongly benefits from squeezing of the input state. For
the optimal time strategy with a generic symmetrical in-
put state, this can be shown analytically by expressing
the sensitivity in terms of the spin squeezing parameter
∆δML
δ = ξ
ω
2δ
√
N
√
mk
.
By finding minimum of ∆δML with respect to σ, one
can also show that for a Fock state the sensitivity reaches
Heisenberg limit, i.e. ∆δML ∝ N−1. Recently, a squeezed
state with ξ2 = 0.58 for N ≃ 2000 particles was achieved
[16]. As seen in Fig.2(b), such state would allow for 1.5
times improvement of sensitivity in case of optimal point
estimation strategy.
4Comparison with other interferometric setups. The
possibility to use cold/degenerate atoms for the measure-
ment of forces at small distances has lead to a number of
proposals and experiments [11, 12, 13, 14, 24, 25, 26, 27].
In [14], the gradient of the Casimir-Polder force was de-
duced from the shift of the frequency of the collective os-
cillations of a BEC in a trap put below a surface. The pre-
cision of the experiment was not sufficient to make a dis-
tinction between thermal and zero-temperature regimes
of the force. On the theoretical side, the References
[24, 25], propose to estimate the strength of the interac-
tion between the atoms and a surface using the frequency
shift of Bloch oscillations of a cold fermionic gas in a ver-
tical optical lattice. An important aspect of this proposal
is the scaling of the sensitivity ∆δ ∼ t−1/2 with the os-
cillation time t. As argued before, this is not the case of
the Rabi interferometer. However, when compared to the
Bloch oscillations proposal, our setup has the advantage
of the sensitivity scaling with the number of particles in
the input state ∆δ ∼ N−β . As shown above, this scaling
is at the shot noise β = 1/2 for a CSS and can be further
increased 1/2 < β ≤ 1 for entangled atoms.
Conclusions. We have shown that a degenerate either
bosonic or fermionic gas in a double-well potential can
realize a sensitive device for measuring short-range in-
teractions, such as the Casimir-Polder force. Even the
interferometer is fed with a classical spin coherent state
with moderate number of atoms, and in the presence of
realistic experimental noise, the Casimir-Polder force can
be measured with precision sufficient to distinguish be-
tween its thermal and zero-temperature regimes. The
estimation protocol further benefits from squeezing the
input state and measuring the population imbalance at
the optimal time.
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